We show that Lott-Villani-Sturm's curvature-dimension condition CD(κ, n) implies Gromov's n-volumic scalar curvature≥ nκ under an additional n-dimensional condition. Lott-Villani and Sturm independently defined the Ricci curvature bounded from below on the metric measure space by synthetic method in [Stu06a], [Stu06b], [LV09]. Zhang-Zhu also introduced a new notion for lower bounds of Ricci curvature on Aleksandrov spaces in [ZZ10a], [ZZ10b]. Zhang-Zhu's definition is based on the Petrunin's construction of parallel transport in Aleksandrov spaces in [Pet98], and Zhang-Zhu's definition of the Ricci curvature bounded from below implies Lott-Villani and Sturm's definition. Petrunin [Pet11]
2 κ , i.e. X < vol S 2 (γ) × R n−2 and γ > 2 κ , where S 2 (γ) × R n−2 = (S 2 (γ) × R n−2 , d S×E , vol S×E ). The n-volumic scalar curvature is sensible to scaling of the measure, however, the curvature condition CD(κ, n) of Lott-Villani-Sturm [[Stu06b], Definition 1.3] is invariant up to scaled the measure only [ [Stu06b] , Proposition 1.4 (ii)]. Therefore, the n-dimensional condition is needed to be put into the definition of Gromov's n-volumic scalar curvature.
Definition (n-dimensional condition). For given positive nature number n, the metric measure space X = (X, d, µ) satisfies the n-dimensional condition if lim V olE (Br (R n )) = 1 for every x ∈ X, where B r (R n ) is the closed r-ball in the Euclidean space R n and the B r (x) is the closed r-ball with the center x ∈ X.
From now on, the metric measure space which satisfies the n-dimensional condition is denoted by X n = (X n , d, µ).
Definition. The scalar curvature of X n is bounded from below by κ ≥ 0 for X n = (X n , d, µ) if the Gromov's n-volumic scalar curvature of X n is bounded from below by κ ≥ 0, i.e Sc voln (X n ) ≥ κ.
Remark 1. Let X n = (X n , d, µ) satisfies Sc voln (X) ≥ κ ≥ 0, then each metric measure space (X n 1 , d 1 , µ 1 ) which is isomorphic to (X n , d, µ) satisfies Sc voln (X n 1 ) ≥ κ ≥ 0. Property.
(1) Let g be a C 2 -smooth Riemannian metric on a closed oriented n-manifold M with induced metric measure space (M n , d g , vol g ), the the scalar curvature of g is bounded from below by κ ≥ 0 if and only if Sc voln (M n ) ≥ κ.
(2) Additivity under Cartesian Products:
2 are endowed with the measure µ 3 := µ 1 ⊕ µ 2 and wih the Pythagorean product metric d 3 := d 2 1 + d 2 2 .
(3) Quadratic Scaling: Let (X n , d, µ) satisfies with Sc voln (X n ) ≥ κ ≥ 0, then Sc voln (λX n ) ≥ λ −2 κ ≥ 0 for all λ > 0, where λX n := (X n , λ · d, λ n · µ).
Theorem. Assume that the metric measure space (X n , d, µ) satisfies n-dimensional condition and the curvature-dimension condition CD(κ, n) for κ ≥ 0 and n ≥ 2, then (X n , d, µ) satisfies Sc voln (X n ) ≥ nκ.
Proof. In fact, one only need the generalized Bishop-Gromov volume growth inequality which is implied by the curvature-dimension of X n [[Stu06b], Theorem 2.3].
(i) If κ = 0, then µ(Br (x)) µ(BR(x)) ≥ ( r R ) n for all 0 < r < R. That is
(n−1) )] n−1 dt for all 0 < r < R ≤ π (n−1) κ .
Since the scalar curvature of the product manifold S 2 (γ) × R n−2 is nκ, where γ = 2 nκ , then there exists C 1 , C 2 > 0 such that 1 − nκ 6(n + 2)
≤ 1 − nκ 6(n + 2) r 2 1 + C 2 r 4 1 , for x ∈ S 2 (γ) × R n−2 and r 1 ≤ C 1 , where C 1 , C 2 is decided by the product manifold S 2 (γ) × R n−2 . , then the generalized Bishop-Gromov inequality can be re-formulated by µ(
as r → 0. Thus, the asymptotic expansion of f (R)
as R → 0, r → 0. The n-dimensional condition, lim where vol S×E (B R (x)) = volS×E(Br 1 (x)) V olE (Br 1 (R n )) is defined as before, the balls B R (x) are in S 2 (γ) × R n−2 and γ = 2 nκ ′ . That is X < vol S 2 (γ) × R n−2 , for all γ > 2 nκ , i.e Sc voln (X n ) ≥ nκ.
